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Abstract— This paper refers to the study of product of Special G function and Generalized Mittag — Leffler
function, we derive various integral transform, including Euler transform, Laplace transform, Whittaker
transform, Hankel transform. Some results are expressed in terms of generalized Wright function. The
transforms found here are likely to find useful in problem of Sciences, engineering and technology.
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1. INTRODUCTION

Throughout this paper, R and C denote the sets of real and complex numbers, respectively. Also R = (0, 0),
Noy=1{0,1,....}and Z"={-1,-2, ...... }.

Definition 1.1 Special G function:
The special G, [, z] is defined by [1, 2] as

GPJ]-V [a, Z]: Zyp_n_li (7)n (azpy (1)

S T(np+py—n)n!

Definition 1.2 Generalized Mittag- Leffler Function

Gosta Mittag — Leffler the Swedish mathematician introduced the term Gosta Mittag — Leffler function i.e. ,
Mittag — Leffler function is defined [3] as

E,(d)= Z

yn” (deC; R(y)>0)

where is a gamma function , after this Wiman generalized the Mittag — Leffler function as follows,

E,,(d)= Z Eﬂ)jv) (deC; min(R(»)R(v)) >0)

there are number of ways in which Mittag- Leffler function
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where 4, 5,6<C  (R(1)>0)

Definition 1.3 Product of G function and Mittag - Leffler function

G, laz]xEf  [z]=27" 12 (), ( ) i z"

“T(np + py —n)nt 4 OF/lm+,B ) m!

let m=n =k then

xE? AN (azp)k (¢)k z"
G”'”'y[a’ d Eﬂ‘ﬁ[z]_z kZ:(;F k,o+p}/ 1)k T(2k +ﬁ) k!

Definition 1.4 Fox — Wright Generalized Hypergeometric Function
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®3)

In 1933, E.M. Wright defined a more interesting generalized hypergeometric function of one variable [4] and

further generalizations of the series |, Fq were given by Fox [5] and Wright [6,7,8] ;

1438, -3 A 20
j=1 i=1

for suitably bounded values of |z| SO Oy ap,[)’l,ﬂz, ..... , ﬂq are complex parameters.

The Fox - Wright function is a special case of the Fox — H function as [9]

{(al,Al),...,....(ap,Ap)
PVl (8,8, ) {5, B

Definition 1.5 The Euler Transform ([10], see also [11])

The Euler transform of a function f(z) is defined as

Bif(2)ia,b} = f, 221 (1 — 2P~ 1f(2) dz
a.beC Rla) = 0.R(B) =0

Definition 1.6 The Laplace Transform ( [10])
The Laplace transform of a function f(t}, is given by the equation

F(s) = L{f(e); s} = [ e fle)dt
R(s) =0

Provided that the integral is convergent for t = 0 and of exponential order as t — o,
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["rl'

Also [, e~ tP~tde = o

Rip) =1, R(s) = L.

Definition 1.7 The Whittaker Transform ([9], [12] , [13])

The integral formula involving the Whittaker function is used to find the Whittaker transform is defined as

T(L+8+7)T[2-5+7)

= - - _ LA
Iy &7z et ()t = i (8)

Where R(§ + ) = — 'L,fz and W, ¢ (¢t} is the Whittaker confluent Hypergeometric function

Wp o) = My g(2) + oo — M, () C)
Where M, (=) is given by ([9] p.26 , eqn. 1.150)

M glz) =z47+8e 4% F (14828 + 1) (10)
Definition 1.8 The Hankel Transform [14] , also see [15]

The Hankel transform of f{x), denoted by g{p:v) is defined as

glpiv) = [T x)7 [ f() dx: p 0 (11)

The following formula can be used to solve the integral in equation (see [9], p.56-57)

a-1 — pl-1-1 !
fn I {axldx = m

Il. INTEGRAL TRANSFORMS OF G, [a,z]xE [z]

Theorem 2.1: (Euler Transform)

Let A7 7:$ A BMNEC  han Eyler transform of product of special G function and Mittag — Leffler
function is given as

r'(n)

<E? To]m nle (D)), (Mm=1+yp—1n,p+1)
.. ok €1 Lol v

a} 12
(oy =1,p);(B,2);(M+yo—n+n-1 p+1);(11)

Proof : Let | be the left hand side of (12)
| =BG, [a.z]xE? [zkm,n}

By using the definition of Euler transform (6)

| = [z2"*'(1-2)""G,, [az]xE{ ,[z]dz

p,?],}/[

O ey

By using equation (3)

m-— n-1_y0-n-1 (az )k (¢)k Zk
- Z kp+p7 ﬂ)k'F(ﬂk+ﬂ)k'dz

o'-—-.»—\
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1

— N (y)k ak (¢)k 1 m-1+yp—-n-1+kp+k n-1
I_kz(;l“(kp+py n)KI (2K + B) Kl jz oo

By using definition of beta function

| = i (7)k a* (¢)k 1

S T(ko+ py —n)kIT(2k + B) T'(k +1)

B(m—1+7p—77+kp+k,n)

| :i ()@ (@), (m-1+yp—n+ko+k)[(n)
par F(kp+p;/—77)k! F(/lk +ﬂ)F(k +1)F(m—1+ w—-n+ko+k+ n)

By using definition of Pochammer Symbol

i ¢+k) (;/+k) F(m—1+;/p—77+kp+k)r(n) a_k

pard F (kp+ Py — 77) (Ak +ﬂ)F(k +1)F(m -1+ypo-n+ko+k+ n) k!
after using equation (4) we get the right hand side of (12).
Corollary 1

Use the relation between y function and Fox - H function (5), we get

B{Gpv’?:V [ !

T(g)r(y)

Corollary 2
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az]foﬂ[Z];m,n}zﬂHéi{ ‘ 1-71:;A-¢L;(-m-yp+n,p+1)
| 7 - py +7,p);0- B, A);(-m—yp+1-n, p+1)

On taking ¢ = B =0, the generalized Mittag Leffler function reduces to classical Mittag leffler function.

o0 P k 1 Zk
G wp-n-1 (az ) il
pnrl8 T [2]=2 kZF kp+p7 n)K!T(2k) k!

B(G,,, [a2]xE,[zkm,n}=[ 2" 1-2)"*G,, [a,z]xE,[z]dz

O e

(az ) 1z

m- n-1 -1
-y Z kp+p7 n)KIT(Ak) k!

I
O ey

> a’ 1 1 —Lryp-n-Lko+k 1
— | M hotk (] _ n q
ér kp+py n)k! T(Ak) k!!z (1-2)""dz

ir (V)kak 1 1

Bim-1+yp—-n+ko+k,n
2 i+ py —n T T D )

k

= T(m—1+yp—n+kp+k)(n)
=2 . i
=T kp+p}/ 7)K! T(AK)C(k +1)0(m—1+ yo —17 + kp+k +n)
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B(G,,,[a.2]<E{ [zfmnj= () { (rDi(m-1+yp-1,p+1) }
" Y F(V) (or —=1,p);(0,2);(M+ yp—n+n-1, p+1);(L1)

Theorem 2.2: (Laplace Transform)

Let 27174 fe Cand R(8) >0 o | aplace transform of product of special G function and
Mittag Leffler function is given as

6 flsle 1 2k (@G0 =1, +1)
o o S e oy i A

aﬂ} (13)
SP

Proof : Let | be the left hand side of (13)
| = L{Gp’qyy[a,t]x Ef ] s}

then by definition of Laplace transform (7)

o0

J‘e‘StGM a t]xEZ [tldt

o

By using equation (3)

o0 ) )t

S T(ko + py —n)KIT(2k + ) k!

i (¢)k )ll]o' e—sttyp—ry—1+kp+k dt
"0

ard kp+p}/ )k!l‘(ﬂk+ﬂ k

i a‘ (¢)k 1 1ﬂ(7/,0—77—:|.+ kp+k+1)
wl ) kp+p;/ n)k! T(Ak + B) T'(k +1) /P Tk

k

:i ¢+k) (r+k) T(yp—n+kp+k) a*
ST(@)r(y)0(ko + py —n) T(Ak + B)(k +1)s7 7% kI

- 1! i D(¢+K)C(y+k) Lo —n+ko+k)(_a ]ki
T()r()s” " & Tkp+py—n) Tak+pIrk+)\s*) ki

after using equation (4) we get the right hand side of (13).
Corollary 1.

On taking ¢ = =0, the generalized Mittag -Leffler function reduces to classical Mittag- leffler function

LG, [ oo [atIxE, [tldt

atE,[i]=[e o
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:Te—sttyp 7- i (atp)k 1 ﬁdt
0

= kp + py —1)KIT(2Kk) k!

f: 1 1 T —st —n—-1+kp+k
t?’P n P dt
=y kp+ p;/ n)k' F(/ik) k! J.

i a" 1 1 T(p-n-1+kp+k+1)
o [ k,O—i—p}/ n)kl F(ﬂ,k) (k +1) g7P-Lrkprkel

k

:i F(;/+k) F(}/p—n+kp+k) a’
ST(y)C(ko+ py —17) T(AK)C(k +1)s7 7% kI
i L(y+k) Tlp-n+kp+k)( a jkl
SYP T(ko+py—n) T(AK(k+1) \s*?) K
a
Sp+l

Let p,n,7,0,2, € C,R(c)>0and R(vto)>-1/2 , the Whittaker transform of product of special G
function and Mittag - Leffler function is given as

1 (v (o —mp+1)
{ pw[a t]XE [t]} Wzlﬂ{(py_n’p)’(o’i), 11)

Theorem 2.3: (Whittaker Transform)

o0

fie fw, ol ke (2] L
%, W4{(7/,1);(¢,1);(U+0'—%+yp—77,p+l}(—u+a—%+yp—77,p+1)

(BA QY (oy —m.p)(~a+o+mp—n,p+1)

L} (14)
lup+1

Proof : Let | be the left hand side of (14)

0
1= [t% 2w, ()G, [a.tI<ES [t]at

By using equation (3)

| =Tt“e"5wa,,,(ﬂt){vp ry ] o) tk}dt

ko L' kp+,0}/ n)KIT(2k + B) k!

© )k 0 M
k+a+k—l+yp—17—le ZW t dt
Z kp+p}/ nkll"}tk+ﬁ ! o (40)

do
Put ut =6 and dt=— we get
U
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I L (VA Ny -0 B SV
_kZF kp+p7/ n)KIT(Ak + ) k|.[ e W, () p

o k pR+o+k=1+yp-1 o s
Z ( ) (¢)k 1 (EJ J‘(é‘)ﬂkﬂprk*lﬂ’P*U*le_EWa’U (§)dé‘

ST kp+py n)KIT(2k + B) k!

0

By definition of Whittaker transform (8)

o () (¢, 1(1}

kZ_;F(kp+p7—f7)F(k +1)T(2k + ) k!\
F(%H)erk+G+k—l+7p—n)l“(%—u+pk+0'+k—1+7/p—77)
Tl-a+pk+oc+k-1+yp-1n)

i Dk +y)0(k +¢)a) 1 ( 1 jpkﬁﬁkhmn "

k:OF( (kp+p}/ 77) (k+1)F(/Ik+ﬂ)k! H
F(U+pk+()'+k—%-l—]/p—ﬂ)r(—l)ﬁ-pk+G+k—%+}/p—7])
F(—a+pk+a+k+}/p—n)

X

after using equation (4) we get the right hand side of (14).
Corollary 1.

If we are taking¢ = # =0, then it becomes

jt B3 2W LG, [atIxE, [t]jdt

:T"‘le_?w (M)Z ( ))k'F(ilk)L_kdt

o

:[1j01+7p’7 1 {(7,1); <U+O'—%+]/p—77,p+1), (—U+a—%+yp—r7,p+l)
r

u ()" (0,2) @ (pr —n. p)(~a+o+yp—n, p+1)

Theorem 2.4: (Hankel Transform)

a
/up-#l

Let 2717 A B MNEC yhon Hankel transform of product of special G function and Mittag — Leffler
function is given as
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1
THp-N-SHV g
3 (7 0):(p2) —2 &
T 2 ~—T—yp+n+l
g(p;v) = X3y
e 5 e
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(py —n, p); (B, 2); (11);] 2

Proof : Let | be the left hand side of (15)
) 1

= g(piv)=[x"(@0)23,(@(G,,, [a. xI<ES , [x]dx
0

By using equation (3)

(e} (g) X
kp+p7 nKIT(Zk + B) k!

}m

I —_[xZ 1(qx)2J (qx){x” " 12

o0

Z ()(q) (@) 1

1
2] d
= kp+p7 n)KIT (2K + B) kig (@0

T kp+k+z+yp—77—£—

Using the following formula to solve the integral

(-

2(p+1) a
q(p+l)
(o + 1)}
2
(15)

l)—kp—k—Z—]/p-i-T]-i-;

T

Kl

[ A+vw
r
J‘x‘l_lf-,-'iﬂx] dx = 2-1—1-“—.1%
’ r(1+%54)
We have
1
ko+tk+z+yp-n—-=+v
r 2
1 1 1 :
| —i ( )( )(q) (¢) 1 kp+k+z+7p—n—5—1 *(kPJrkJrZ*}’P*’?*E)
S Tlkp+ py KT (2K -+ A K
i+
2
sigpen- Lo
- == +k(p+1)
3 2 2
| —i r(k ) (k +¢) q( 2—yp+n+1) 2p+la
CSTOI@)Ir(ke+ pr - 77) k+)r(ak+p) ( 5 -~
0o 7/2)+77+2 _k(p2+1)
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after using equation (4) we get the right hand side of (15).

I11. CONCLUSION

The novel conclusions gained in this study can be further adjusted in a variety of new and known integral
transformations that find use in applied mathematics, bio-engineering, science, and engineering, among other
fields. A few expansions of the primary findings are also taken into account.The current study yields several
integral transformations that may be computed in terms of the Fox-Wright function by using the product of the
Mittag Leffler function and the special G function.
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